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We obtain a 3 + 2 neutrino spectrum within a left-right symmetric framework by invoking a singular double 
see-saw mechanism. Higgs doublets are employed to break SUr{2) and three additional fermions, singlets 
under the left-right symmetric gauge group, are included. The introduction of a singularity into the singlet 
fermion Majorana mass matrix results in a light neutrino sector of three neutrinos containing predominantly 
I'aL, a — e, fj., T, separated from two neutrinos containing a small VaL component. The resulting active-sterile 
mixing in the 5x5 mixing matrix is specified once the mass eigenvalues and the 3x3 submatrix corresponding 
to the PMNS mixing matrix are known. 

PACS numbers: 14.60.Pq, 14.60.St 



I. INTRODUCTION 

Our understanding of neutrino masses and mixings has 
rapidly improved in recent years, with solar [1], atmo- 
spheric |2] and terrestrial (H 0, IH IB] neutrino oscillation 
experiments providing valuable insight. The reactor exper- 
iments CHOOZ |5] and Palo Verde indicate that the at- 
mospheric and solar oscillations are effectively decoupled ^ 
and the totality of the data suggests that the atmospheric and 
solar anomalies can be adequately explained by three flavour 
neutrino mixing. The reported i?^ — oscillation signal of 
LSND I8i] provides an interesting piece of oscillation data 
that conflicts with this three flavour explanation. The ongoing 
MiniBooNE |9] experiment will soon test the LSND result. 

The 3 + 1 and 2 + 2 neutrino spectra arose from a mini- 
malistic approach to the simultaneous resolution of the solar, 
atmospheric and LSND neutrino data in terms of neutrino os- 
cillations. The neutrino spectrum is extended in a minimal 
fashion via the addition of one sterile neutrino state. Cur- 
rently favoured fits to the solar and atmospheric data in terms 
of purely active neutrino oscillations leave little room for addi- 
tional sterile states 1 10]. Recent high precision measurements 
of the S-factor (defined in [ 1 1]) by the Seattle group [12] give 
Sir{0) = 22.1 ± 0.6 eV-b, leading to an expected solar 
neutrino flux 13% larger than that measured by SNO [13^ (for 
a discussion see 1 14, 15]). Questions regarding the distinction 
between atmospheric i^^ Vr and v^^ Vg transitions |16] 
and the absolute statistical significance of some data fits Iil7ll 
have also been raised. The 3 + 1 and 2 + 2 schemes come 
into conflict with the data in different ways. The source of in- 
compatibility for 2 + 2 spectra comes from relations amongst 
the sterile components in the atmospheric and solar neutrinos 
that are difficult to reconcile with experimental results (it has 
been suggested that global fits to data that include the effects 
of small mixing angles, usually neglected in analysis, are re- 
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quired to invalidate the 2 + 2 schemes fs^\). 3 + 1 spectra, 
on the other hand, are disfavoured by comparisons of short- 
baseline disappearance data lfT9ll20ll with the LSND result. 

The study of 3 + 2 spectra follows the minimalistic attitude 
that motivated the four neutrino models and data fits. The ad- 
dition of the second sterile state can simultaneously enhance 
the predicted LSND signal and relax the laboratory and at- 
mospheric bounds on the mixing matrix elements [/e4 and 
C^/i4 ll2Tll . The second sterile state is required to mix with 
both and i/^ to contribute to the LSND probability and 
avoid opening up new channels for i^e or i/^ disappearance. 
Provided > Anij^gj^jj the bounds on Ue4 and are 
modified and the second Am^ will contribute to LSND. The 
splitting between the two predominantly sterile states Am^g 
should also be resolved by LSND to ensure the LSND sig- 
nal is enhanced. If, for example, Amf^ ^ (1 — 2) eV^ and 
Am^g > 8 eV^, the LSND signal can be enhanced whilst re- 
laxing the short-baseline constraints |21]. The statistical anal- 
ysis of [22 1 suggests that if Amfg ~ 22 eV^ the predicted 
LSND signal may be enhanced by 60-70%. Using horizontal 
symmetries, 3 + 2 spectra with see-saw suppressed light ster- 
ile neutrinos have been studied |23], whilst the coexistence 
of large active-active and large active-sterile mixing in 3 + 2 
scenarios was studied in |24]. 

Though minimalistic, the introduction of two sterile states 
seems counterintuitive to the suggestive demands of a familial 
quark-lepton symmetry. The latter makes the addition of three 
right-handed neutrinos to the standard model seem a logical 
extension. The discovery of a quark-lepton familial symmetry 
may hint at an underlying left-right symmetric gauge theory, 
broken to the standard model at some high energy scale. In 
this note our objective is to theoretically motivate a 3 + 2 neu- 
trino model within a left-right symmetric framework. Higgs 
doublets are employed, rather than triplets, to break SUii{2) 
and additional singlet neutral fermions, sterile under the gauge 
symmetries, are included. The 3 + 2 spectrum results from the 
introduction of a singularity into the singlet fermion Majorana 
mass matrix. The resulting modified double see-saw mech- 
anism produces a light neutrino sector with three predomi- 
nantly SUl{2) active neutrinos separated from two neutrinos 
predominantly sterile under SUl{2). 
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The structure of this note is as follows. In Section HIl the 
particle content of the model is presented in conjunction with 
a brief discussion of the double see-saw mechanism. The neu- 
trino content of the model receives focus in Sectionlllll where 
the eigenstates are derived. Section |IV] contains a discussion 
of the scales required to make the resulting neutrino spectrum 
experimentally feasible and some concluding remarks can be 
found in Section IV] 



II. EXTENDING THE STANDARD MODEL 

The left-right symmetric model, with gauge group Glr ^ 
SUciS) X SUl{2) X SUr{2) x Us-Lil), is considered a 
natural extension of the standard model (SM). The addition 
of three right-handed neutrinos to the SM fermionic spec- 
trum automatically qualifies SUni^) as a gaugeable symme- 
try. The use of Higgs triplets to break SUr{2) at a high en- 
ergy scale provides a theoretical framework for the realisation 
of the see-saw mechanism ll25ll . coupling the existence of light 
predominantly SUl{2) doublet neutrinos to the existence of 
(as yet undetected) heavy gauge bosons [26]. An alternative 
path to massive neutrinos within a left-right symmetric frame- 
work relies on Higgs doublets, rather than triplets, to achieve 
the high energy breaking of SUji{2) [21, 28]. This path denies 
the see-saw mechanism the opportunity to explain the light- 
ness of the SUl{2) active neutrinos, but the inclusion of extra 
neutral fermions, singlets under Qlr, can provide an alterna- 
tive explanation. The addition of three such singlets leads to a 
leptonic Yukawa lagrangian of the form: 



(1) 



where Ll r are the fermion doublets, S denotes the singlet 
fermions, is a Higgs bidoublet and Xl^r are Higgs doublets, 
ie: 

Ll^CI, 2, 1,-1),Lh^(1, 1,2,-1), 
5^ (1,1,1,0), 
0^(1,2,2,0), 

Xi^(l,2,l,l),Xfl^(l,l,2,l). 

Denoting the second Pauli matrix by T2 the bidoublet <?i in ([T]l 
is given hy (j) — T2<t>*T2. The singlet neutrinos have bare Ma- 
jorana mass terms, whilst the doublet neutrinos acquire Dirac 
mass couplings to the singlets only if Xl r develop non-zero 
VEV's. One requires a non-zero value for {Xr) to break 
SUr{2) at some high scale, but may take (Xl) = iH] 
to preclude Dirac mass terms coupling u]^ to the singlets. In 
the basis {i'l , Vr , S'^) the neutral fermion mass matrix has the 
form: 



rriLR 
^Ir Mrs 




Mis Ms 



(2) 



where uilr and Mrs are Dirac mass matrices and Ms is the 
singlet Majorana mass matrix. We shall denote the scale of 
non-zero entries in m lr, Mrs and Ms as to, M and /i re- 
spectively. The Dirac mass matrix ttilr (Mrs) arises when 
(f> (Xr) acquires a VEV. The physical condition (Xr) 3> {<j>) 
implies M ^ m, though the relationship between M and /i 
is not predetermined. The effective light neutrino mass matrix 
is given by Mi, — —■nv£j^{AI^g)'^ Ms{Mj^g)mLR- Some in- 
teresting scale hierarchies are: 
•M < M 

This provides a further suppressing factor of jj to the light 
neutrino mass scale relative to that of the see-saw mecha- 
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nism, ^ Consequently the suppressing scale M can be 
set lower This case has been referred to as an inverse see- 
saw mechanism (see for example f2^). The small value re- 
quired of /i in this case is considered natural in the technical 
sense jSOil as lepton number conservation is restored in the 
limit /i ^ 0. 
•pi. > M 

This hierarchy generates a see-saw mechanism between the 
i'r's and the 5's, giving an effective right-handed neutrino 
scale of order — . 

We note that neutrino mass matrices of this form are found in 
some string inspired models 1 3 1 ] and provide a basis for the 
so called double see-saw mechanism 11321 [3311. 



in. SINGULAR DOUBLE SEE-SAW MECHANISM 

In this paper we investigate the double see-saw mechanism, 
with the hierarchy /i M, when the singlet Majorana mass 
matrix Ms is of rank 2. The Dirac mass matrices to and M 
will remain general. The 9x9 mass matrix dU will then lead 
to 9 Majorana neutrinos as follows: 

• Two ultra-heavy Majorana neutrinos of order /i, predomi- 
nantly containing the fully sterile singlets, 

• A pseudo-Dirac pair of heavy neutrinos of order M. These 
will be an admixture of the right handed neutrinos and the 
massless singlet, 

• A lighter pair of Majorana neutrinos with mass ^ M^//i, 
containing mostly vr's with a small component, 

• Three Majorana neutrinos of order m? / {M'^ / ji) . These 
will be mostly i^l's with a small vr component. 

We begin by performing a singular see-saw analysis |13 
BSlSl on the submatrix: 



Mrs 
Mis Ms 



(3) 



The 9x9 mass matrix is repartitioned and the submatrix Ms 
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diagonalised as follows: 



M, 



1^(9x9) 





T 





rriLR 

Mrs 
Mis Ms 



Ms 



(/36X3)' 



-^6 X 6 Oe X 3 

0, ^ 



Jsxe 



where Af^"^ has the zero eigenvalue of Ms in the (1,1) entry. 
A further repartition to separate the zero eigenvalue of Ms 
gives: 



Ri 



Is' 



R(5^ Mf"' 



O3X6 Ri 



M„ = 



f A f3Rf 
\Rp'^ Mf^^ 



^7x7 -^7x2 
(-67x2)"^ ^2x2 



where A' has the zero eigenvalue of Ms in its lower right 
corner Next, we block diagonaUse M^: 



M„ 



S 



^7x7 -^7x2 
-^2x7 "^2x2 

Q7x7 07x2 
02x7 1^2x2 



(4) 



where: 



and: 



5* 



'7x7 

1(7x2) 



-Pl(7x2) 
)^ ^2x2 



Pi = Boj- 



A' - PiujP^ ^ A! - Buj-^B^ 



(5) 



Equation (|4|i demonstrates that to order M"^ / ^j, the eigenvalues 
of Ml, include two heavy Majorana neutrinos, with masses of 
order /i, which are linear combinations of the sterile states 5*. 
The second term in the above expression for Q provides a see- 
saw type correction to the submatrix A' . The matrix Q has the 
form: 



03X3 
(73x4)^ 



73x4 
'^2(4x4) 



where the non-zero elements of 7 are of order m and U02 
contains non-zero elements of order M and order M"^ / ji <C 
M. The matrix L02 must now be diagonalised. A perturba- 
tive treatment gives the zeroth order eigenvalues as cj*"^ = 



(0, 0, aL°\ -Air.O- where A; 



(0)n 



M. The eigenvectors cor- 



responding to the zero eigenvalues are linear combinations of 
the I'i^'s, whilst the Dirac pair contains the orthogonal com- 
binations of vrs, and the zero eigenvector of Ms- The cor- 
rection term —Blu^^B^ of equation (|5]l splits the degenerate 
non-zero eigenvalues, forming a pseudo-Dirac pair, and gives 
a mass of order M^/ to the zero eigenvalues. The diagonal- 
isation of 0^2 gives: 



g = ( ^3x4 

74x3 ^^2(4x4) 



^3x3 
04x3 



03x4 
nT 

^2(4x4) 



03x3 
i?27^ 



diag 



hx3 
04x3 



O3 



R 



•2(4x4) 



and we repartition the above matrix to: 



03X3 



7i?^ 

diag 
2 



LU. 



n 



5x5 B2 



(6) 



where contains the two eigenvalues of order M from ^2'°^ 
and the order M'^ / eigenvalues form the lower right block of 
il. Finally we block diagonalise (|6]l: 



where: 



and: 



^^5x5 B2 
B2 ^2 



A 



A{ "^x5 ^ 
Q uj' 



A' 



^5x5 



P 



2(5x2) 
h 



2(2x5) -'2x2 



P2=B20J'2 \ 



(7) 



(8) 



(9) 



f2' has three eigenvalues of order /{M"^ / ^) and two of or- 
der Af^//i. Contributions from the term —B2LO2 Bj in (|9|l 
are negligible as they are of order ra^ /M. Thus Q,' k, and 
the light sector mass matrix has the form: 



M 



Light 



n 

03x3 "^3x2 
(to3x2)^ M 



(10) 



in the basis {i/, 



ej '^fj.i I'Tj '^IJI: '^2R 



). In ( [Tol l the mati-ix 



contains rotated entries of the Dirac mass matrix rriLji and 
M — diag(Ai, A2) with the lighter eigenvalues of cj*"^ de- 
noted as Ai,2 ~ AP/fi. Block diagonalising Mhight gives: 



Af, 



Light 



with: 



= -R 



m3x2M ^(m3x2)'^ 







-^3x3 ^3x2 
'(^3x2)"^ -^2x2 



M 



7^^, (11) 



(12) 



and P = mM~^. Eq. ( fTTT i demonstrates that Ai,2 ~ M^/^ 
are approximate eigenvalues of A/j,(gxg) with eigenvectors 
containing mostly i'i 2R. ^ small i^aL, a — e, fi, t, compo- 
nent. The remaining three eigenvalues are found by diagonal- 
ising m3x2A/^^ (7713x2)"^ and are thus ~ w? / {M"^ / n) . The 
eigenvectors are predominantly composed of the states VaL- 
Mixing between the states VaL and Vi2r is controlled by P 
and is of order ■m/{M'^ / fi). 
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IV. SINGULAR DOUBLE SEE-SAW MECHANISM 
SCALES 

The five lightest mass eigenstates generated by the singular 
double see-saw mechanism are structured in a suitable man- 
ner to realise a 3 + 2 neutrino spectrum. The scales required 
to make this 3 + 2 spectrum experimentally feasible are now 
discussed. 

LSND requires mass-squared differences of ~ 1 — 10 cV^. 
In the above model the relevant scales for LSND are set by 
Xi 2 ~ IvP / ji. Consequently AP / ^ ~ 1 eV is required and 
the LSND result alone permits a freedom to scale both M 
and ji. As M ~ (^_r,) is related to the mass of the gauge 
bosons coupled to the right-handed currents it is experimen- 
tally constrained. Considerations of the Kl — rnass dif- 
ference have given the bound Alwjt > 1-6 TeV PTO, which 
implies M > 1.6 TeV, assuming that the coupling constants 
are not unreasonably small. This in turn gives /i > 10^^ GeV. 
Note that if M 1 TeV then ^ ^ 10^^ GeV which hints that 
the Si 's may acquire mass at a GUT scale. The bounds on M 
and /i decouple the eigenstates with masses of order AI and /i 
from the low energy phenomenology. 

The predominantly active states have a mass of or- 
der m? / {A'P / ii) . The atmospheric neutrino bound of 
a/ Am^t^ « 5 X 10^^ eV together with the relationship 
M7/X - 1 eV implies m > IQ-^ eV. With m - IQ-^ eV 
and / fi ^ 1 eV the active-sterile mixing from P is of order 
10-1. 

To fit the atmospheric and solar oscillation data in terms of 
active flavour oscillations requires: 



(13) 



where the 3x3 mixing matrix U has the approximate form of 
the experimentally measured Upmns matrix. The full 5x5 
mixing matrix is: 



( 0.866 
-0.359 
0.359 


V 



0.500 
0.612 

-0.612 
0.188 

-0.064 





0.707 
0.707 
0.250 
-0.150 



-0.094 
-0.292 
-0.062 

1 





0.032 \ 
0.145 ' 
0.067 


1 / 



(16) 



These values are to be compared with the best fit values 



0.121, C/e5 = 0.036, [/^4 = 0.204 and U^,^ = 0.224 



obtained in |22]. Both the electron and muon neutrinos couple 
more strongly to the fourth mass eigenstate in ( fTSI l. though re- 
ducing Afs increases the elements |t/e./j5|, as expected given 
the form of P. The greatest deviation from the values in ll22ll 
occurs for the elements C/p4^5. When calculating the prob- 



ability P{v^ 



relevant for LSND the mixing ma- 



trix elements always occur in the combinations Ue/JJ^/^ and 
L/e5[/p5. The values in ^ give |L/e4[/^4| = 2.7 x 10"^ 
and iC/esC/psI = 4.6 x 10"^ whilst the values in iH] give 
2.4 X 10^^ and 8.1 x 10"'^ respectively. The smaller value 
C/e4| ~ 0.094 < 0.121 is seen to compensate somewhat 
for the deviation of \U^,^\ = 0.292 > 0.204. With the val- 
ues in (fTSI l the contribution of the heavier sterile state to the 
LSND signal is lower than that obtained with the best fit val- 
ues in 1 22]. The contribution is still large enough however 
to enhance significantly the LSND signal relative to a 3 + 1 
oscillation pattern. The above numbers are presented as an ex- 
ample only and the compatibility of this model with the best 
fit values in |22] depends on the size of the light mass eigen- 
values. Deviations from the values d\2 = 7r/6, ^13 — and 
^^23 = vr/4 also shift the active-sterile mixing but the depen- 
dence of this mixing on the size of the light eigenvalues is 
generally stronger. We emphasise that within this framework, 
knowledge of the mass eigenvalues and the experimentally ex- 
tractable elements of the 3x3 PMNS matrix U specifies the 
size of the active-sterile mixing. 



5x5 



^3x3 ^3 X 2 
T 



3x2j 



'2x2 



U 
^2x2 



(14) 



Previous works suggest that taking lS.m\^ ~ 1 eV^ and 
Am^g > 8 eV^ can enhance the LSND signal and allevi- 
ate the mixing matrix element bounds applicable to 3 -|- 1 
models from the other short base-line experiments [i2ll I22I1 . 
To demonstrate the type of active-sterile mixing matrix ele- 
ments obtained in this model we have numerically determined 
them for some mass values. Taking 612 = 7r/6, 6*13 — and 
^23 = 7r/4 for the PMNS angles we took the predominantly 
active mass eigenvalues to be: 

= diag(0, 0.014, 0.045), (15) 

where the masses are in eV. The diagonalisation of (fTSl l is 
enforced with Am^^ = 0.92 eV^ and Amg^ set at the best fit 
value obtained in \2^, Am^]^ = 22 eV^. The resulting five 
neutrino mixing matrix is: 



V. DISCUSSION 

From a cosmological point of view this model, along with 
all models that attempt to explain LSND by the addition of 
sterile neutrinos, risks thermalising the sterile states and dis- 
rupting the standard BBN. We adopt the view that an adjust- 
ment of the standard paradigm will be required if the oscilla- 
tion interpretation of the LSND result is confirmed, alleviating 
the need to comply with the derived bounds of < 4 from 
the ''He abundance Jsp, HHl and ^ < 0.7 — 1.0 eV from 
cosmological data [40]. 

We have not commented on the origin of the singularity in 
the singlet Majorana mass matrix. Many methods of obtain- 
ing singularities in mass matrices exist in the literature (for 
example [41, 42, 43]). Some methods which may be relevant 
for application to our model include a horizontal gauge sym- 
metry in the singlet sector and the supersymmetric reali- 
sation of a singular Majorana mass matrix of Du and Liu |45|. 
The method advocated in [46] to generate arbitrary mass ma- 
trix texture zeros could also be employed. 
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We have shown that the singular double see-saw mecha- 
nism can be employed to generate a 3 + 2 neutrino spectrum 
within a left-right symmetric framework. The resulting active- 
sterile mixing is found to be determined once the mass eigen- 
values and the submatrix of the 5x5 mixing matrix corre- 
sponding to the PMNS matrix are specified. From a model 
building point of view this result may be of interest if Mini- 
BooNe confirms the oscillation interpretation of the LSND re- 



sult. 
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